Abstract. The unimodality conjecture posed by Tolman in [8] states that if (M, ω) is a 2n-dimensional smooth compact symplectic manifold equipped with a Hamiltonian circle action with only isolated fixed points, then the sequence of Betti numbers {b
introduction
Let A = {a 1 , · · · , a n } be a finite sequence of real numbers. We say that A is unimodal if there is a positive integer k (called a mode of A) such that a i ≤ a i+1 for every i < k and a j ≥ a j+1 for every j ≥ k. Similarly, we say that a polynomial i a i x i ∈ R[x] is unimodal if {a i } is unimodal. In Kähler geometry, it is well-known that a sequence of even (odd, respectively) Betti numbers is unimodal. More precisely, let (M, ω, J) be a complex n-dimensional compact Kähler manifold. Then the hard Lefschetz theorem says that
[ω] n−k :
n−k is an isomorphism for every k = 0, 1, · · · , n. In particular, the map
is injective for every k < n. Hence the sequences {b 0 (M ), b 2 (M ), · · · , b 2n (M )} and {b 1 (M ), b 3 (M ), · · · , b 2n−1 (M )} are unimodal by Poincaré duality. In the symplectic category, there are a lot of examples which do not satisfy the hard Lefschetz theorem so that the unimodality of Betti numbers is not obvious in general. (See [3] , [5] , and [7] ). In the conference "Moment maps in various geometries" in 2005, the unimodality of Betti numbers of symplectic manifolds was discussed in the equivariant setting (See [8] ). More precisely, let S 1 be the unit circle group acting on a symplectic manifold (M, ω) in a Hamiltonian fashion. S. Tolman posed the following question. Question 1.1. [8] Let (M, ω) be a 2n-dimensional closed symplectic manifold equipped with a Hamiltonian circle action with only isolated fixed points. Then is
As far as the author knows, Question 1.1 was originated from the existence problem of non-Kähler symplectic manifold with a Hamiltonian circle action with only isolated fixed points. In other words, there has not been found any example of compact Hamiltonian S 1 -manifold with only isolated fixed points which is NOT homotopy equivalent to any Kähler manifold. Since the problem of the existence of Kähler structure is essentially related to the classification problem, it is extremely hard to deal with in general. Hence it seems more reasonable to investigate whether our manifold satisfies conditions with which any Kähler manifold satisfies. Note that there are several simple topological obstructions for the existence of Kähler structure, such as the evenness of odd Betti numbers b 2i+1 (M ) induced by the Hodge symmetry, and the unimodality of Betti numbers induced by the hard Lefschetz theorem.
There is another point of view to consider Question 1.1. By Delzant's theorem [De] , any 2n-dimensional compact symplectic manifold (M, ω) equipped with an effective Hamiltonian T n -action is a projective toric variety so that the sequence of Betti numbers is unimodal by the hard Lefschetz theorem. Since the action is effective, the fixed point set M T n must be discrete. Hence for a generic choice of a circle subgroup S 1 ⊂ T n , the induced Hamiltonian circle action has only isolated fixed points. Consequently, we may regard Question 1.1 as a generalization problem of the unimodality of Betti numbers for Hamiltonian T n -actions to the case of Hamiltonian S 1 -action. Recently, the author and M. Kim [6] proved that the unimodality holds in eightdimensional cases. In this paper, we generalized the idea used in [6] and proved the unimodality of Betti numbers for Hamiltonian circle action with isolated fixed points with some extra condition. More precisely, let H : M → R be a moment map for a Hamiltonian S 1 -manifold (M, ω) with isolated fixed point set M S 1 . Then it is well-known that H is a perfect Morse function whose critical point set of H equals to M S 1 . We denote by ind(p) a Morse index of a critical point p of H. We say that H is index-increasing if
for every p and q in M S 1 . Our main result is as follows. Theorem 1.2. Let (M, ω) be a 2n-dimensional closed symplectic manifold equipped with a Hamiltonian circle action with only isolated fixed points. Let H : M → R be a moment map which is index-increasing. Then the sequence of even Betti numbers of M is unimodal.
Our idea is as follows. Let (M, ω) be a 2n-dimensional compact Hamiltonian S 1 -manifold with only isolated fixed points M
Since the corresponding moment map is perfect Morse, the number of fixed points of index 2i equals to b 2i (M ). Now, let's consider the decomposition of equivariant cohomology
where R 2i is the set of all elements of degree 2i in H * S 1 (M ). The main point of our proof is, for any I ⊂ [m] = {1, · · · , m} with |I| = k < dim R R 2i , there must exist an element α ∈ R 2i such that the restriction of α on the fixed point set {F ij | i j ∈ I} vanishes. This fact is obvious, since the restriction map
is R-linear and it must have non-trivial kernel by dimensional reason. Here, the restriction α| F means i *
, then there must be some element α ∈ H * S 1 (M ) such that the restriction α| z vanishes for every fixed point z of index k for k < 2i or k = 2i + 2 since
In Section 3, we will show that the existence of such α leads to a contraction with Atiyah-Bott-Berline-Vergne localization theorem 2.4. This paper is organized as follows. In Section 2, we give a brief introduction to equivariant cohomology theory for Hamiltonian circle actions, including Kirwan's injectivity theorem and Atiyah-Bott-Berline-Vergne localization theorem for circle actions. In Section 3, we give the complete proof of Theorem 1.2.
Equivariant cohomology
In this section, we give a brief introduction to equivariant cohomology theory for a Hamiltonian circle action on a symplectic manifold. Throughout this section, we assume that (M, ω) is a 2n-dimensional smooth compact symplectic manifold equipped with a Hamiltonian S 1 -action with a moment map H : M → R. Also, every coefficient of any cohomology theory is assumed to be the field of real numbers R.
Equivariant cohomology. An equivariant cohomology H
where ES 1 is a contractible space on which S 1 acts freely. In particular, the equivariant cohomology of a point p is
where
1 is the classifying space of S 1 . Note that BS 1 can be constructed as an inductive limit of the sequence of Hopf fibrations (1)
where u is an element of degree two with u, [CP 1 ] = 1.
Equivariant formality.
Note that a projection map M × ES 1 → ES 1 on the second factor is S 1 -equivariant so that it induces a map
where f is an inclusion of M as a fiber. So it induces the following sequence of ring homomorphisms
In particular, H * S 1 (M ) has an H * (BS 1 )-module structure via the map π * such that 
Equivalently, the map f * is surjective with kernel u · H * S 1 (M ) where · means the scalar multiplication of H * (BS 1 )-module structure on H * S 1 (M ). 2.3. Localization theorem. Let α ∈ H * S 1 (M ) be any element of degree k. Then Theorem 2.1 implies that α can be uniquely expressed as 
is injective.
For any α ∈ H * S 1 (M ), we call an image i * F (α) the restriction of α to F and denote by α| F = i * F (α) for simplicity. The following theorem due to Atiyah-Bott [1] and Berline-Vergne [4] enable us to compute M α in terms of the fixed points.
where e S 1 (F ) is the equivariant Euler class of the normal bundle of F .
In particular, if every fixed point is isolated, then we have the following corollary.
Corollary 2.5. Let (M, ω) be a 2n-dimensional smooth compact symplectic manifold equipped with a Hamiltonian circle action with isolated fixed points. Let α ∈ H * S 1 (M ). Then we have
where the sum is taken over all fixed points, and {w 1 (F ), · · · , w n (F )} is the weights of the tangential S 1 -representation on T F M .
Equivariant symplectic classes.
Let H : M → R be a moment map for a closed Hamiltonian S 1 -manifold (M, ω). For the product space M × ES 1 , consider a two form ω H := ω + d(H · θ), regarding ω as a pull-back of ω along the projection M × ES 1 → M on the first factor and θ as a pull-back of a connection 1-form on the principal
on the second factor. Here, the connection form θ on ES 1 is a finite dimensional approximation of the connection form of the principal S 1 -bundle S 2n−1 → CP n . (See [2] for the details). It is not hard to show that L X ω H = i X ω H = 0 where X is the fundamental vector field on M × ES 1 generated by the diagonal action. Hence we can push-forward ω H to the quotient M × S 1 ES 1 and denote by ω H the pushforward of ω H . Obviously, the restriction of ω H on each fiber M is precisely ω and we call ω H the equivariant symplectic form with respect to H and the corresponding cohomology class [ ω H ] ∈ H 2 S 1 (M ) is called the equivariant symplectic class with respect to H. The restriction of the equivariant symplectic class to each fixed component can be easily computed as follows. Proposition 2.6. Let F ∈ M S 1 be a fixed component of the given Hamiltonian circle action. Then we have
In particular, if F is isolated, then we have
Since the push-forward of dθ is a curvature form which represents the first Chern class of Proof. Since M is equivariantly formal by Theorem 2.1, we have
Hence it follows from dim R H 2i (BS 1 ) = 1 for each i. Proof. For any α ∈ H 2k S 1 (M ) and p ∈ M S 1 , the restriction α| p ∈ H 2k S 1 (p) ∼ = R is a polynomial with a variable u of degree k. Hence we have α| p = au k for some a ∈ R. Let's consider the following map
is R-linear and it has a non-trivial kernel by dimensional reason. Now, we are ready to prove our main theorem 1.2.
Proof of Theorem 1.2. Let (M, ω) be a 2n-dimensional symplectic manifold with a Hamiltonian circle action with only isolated fixed points. By our assumption, a moment map H : M → R for the action is assumed to be index-increasing. For each i = 0, 1, · · · , n, we denote by Λ 2i the set of all fixed points of index 2i so that we have
Now, let's assume that b 2k > b 2k+2 for some 0 ≤ 2k < n. Let
Since 2n − 2k − 2 > 2k − 2 ≥ 2k − 4i + 2 and 2n − 2k − 2 < 2n − 2k + 4i for every i ≥ 1, P i 's are pairwise disjoint so that P is the disjoint union of P 1 . P 2 , and P 3 .
Hence the cardinality of P is given by
Hence there exists a non-zero class α ∈ H k since α vanishes on P 1 so that ind(z)
